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Ua Pozrnﬂna}QTLCﬂ KOJIMBAaHHS HeniHifIHp NPYXHIX CTEp’KHIB Ta IUIACTUH 3
ypaxyBaHHSIM TicTepe3ucHoro Tepts. HeminiliHa 3a7aua po3BA3yeThes 3a J0IOMOTO0
METO/Ia PO3KJIaay 3a MaJIUM MapamMeTpoM. [ BU3HaUeHHs BIACHUX YacTOT Ta (hopm
KOJIMBaHb BUKOPHCTOBYETHCS BapialliifHO-CITKOBUH MiAXiJ MOOYyA0BU (PYHKIIIOHATIB
tuny Penes Ta miHIMI3alis X METOAOM MO-KOOPJUHATHOIO CHYCKY. 3ajadya Mpo BU-
MYIIEHI KOJIMBAaHHS PO3B’SI3y€ThCS LUIIXOM PO3KJIaly 3a BIACHUMH (pOpMaMHu.

Rll PaccmaTpuBaroTcst koneOaHusl HEJIMHEMHO YIPYTUX CTEp’KHEH U MJIACTHH C y4e-
TOM TUCTEpEe3UCHOro TpeHus. HennHeitHas 3amaua pemaercsi ¢ MOMOIIBIO METoAa
pasiiokeHus 1Mo MajioMy napametpy. s onpenenenust COOCTBEHHBIX YacTOT U (GopM
KoJIe0aHUN HUCHONB3YyeTCs] BapUALIMOHHO-CETOYHBINM MOAXOA MOCTPOSHHS (YHKITHO-
HaJloB ThNa Paiess 1 MUHUMH3aLKS UX METOJIOM IMOKOOPIMHATHOTO CIycKa. 3ajgaya o
BBIHY/ICHHBIX KOJICOAHMSIX PEIIaeTCs MyTeM Pa3JIoKEeHHUs MO COOCTBEHHBIM (op-
MaM.
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Introduction

It is known that plate and rod designs are widely used in the aircraft in-
dustry because the research of oscillations with considering the energy dissipa-
tion is very topical task. It should be stressed, to solve the problem of vibration
of the mechanical system, we first need to determine the spectrum of frequen-
cies and forms of oscillations. In this paper we are confine ourselves to the
bending vibrations of thin plates and rods. In the derivation of differential equa-
tions we will use the simple assumption [1], the dependences between defor-
mation and movement are linear, and there are linear physical equations instead
of Hooke's law.

Formulation and solving the problem

Been using the method and the designation [1], we’ll get from the condi-
tions of dynamic equilibrium of the plate elements

O*°M M, & 2
2y+2. Xy.aM2X+p_l.h.a(2:
OX oxoy  oxy g oxt
The moments that were introduced in equation (1) should be expressed
through the plate deflection (X, y) . We’ll use the formula of recorded stresses

in the plate theory for the nonlinear case for this purpose, [1]

0y, =3K|1-gY (b, +B 1" )e" |+ 2G| 1-83 (d, +5,1")y," (e —€),  (2)

(1)

0y, =3K[1-£) (b, +B,1"")e" |+2G[1-83"(d, +5,1™)y," |(z—¢),  (3)
[l 82( +8|n+1) n]slz, (4)

where € — is a small parameter,

G,,+OC
whereas o,, =0, then c:% and

G + Oy
9K|[1-2Y" (b, +B,1"")e" | ()

Substituting the (5) in (2) and (3), after transformations we obtain

€=
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On :%[1_82 n(dn +6,1 n+1)yun](811 _ﬂgzz)’
(6)
Gy :%[]—_82 n(dn +6,1 n+1)yun](822 _11811)-
Where
. 13K[1 e> (b, +B,1"")e ] 26[1—szn(dn+5n|"+l)yun] -

2 3K[1-2" (b, +B 1" )e" |+ G[1-€ (d, +8,1")y," |
If e=0,1.e. b,—B,=d,=5,=0, then (7) will transformed into a known

expression Poisson's ratio p through the modules of elasticity G i K:

_13K-2G
23K+G

(8)

Method of calculation

For the calculation the approximate asymptotic methods of the theory of
nonlinear oscillations were used [2]. Schedule (7) in a Taylor series in the vicini-

ty ¢ =0 of quantities degrees a(bn +B, 1 “+1), S(dn +5 | n+1)

i= ]J,—S(l+ H)gl—zl«l) Z[(bﬂ +B, | n+1)en _(dn +8,| n+1)yun:|_82m 9)

Thus, Poisson's ratio in real bodies is not constant, but varies in depending
on the magnitude of deformation (e, v, ).

By using the analytical decomposition we will get
H 1 n+1 n+1 n 2
R {u g(1+p) QZ[(b +B, 1" )e" —(d, +38,1™)y, ]—s } (10)

By substituting (9) and (10) to (6), we get up to a & (of equal accura-
cy (4))
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2G 2G n+1) on
011:ﬁ(gn+U822)_8EZ|:(1+H)Q(bn+Bn| 1)8 (811+822)_

TS |

(11)
2G 2G n1 o
O = 1—(822 + gy, ) _8—2 1+ M)Q(bn +B,1 1)9 (8 +85)—
—u 1-p45
- (dn +6,1 M)Vun (M4822 + “5811)] ,
1-2un
where the constants p, =Q(1+w) -1, u=Q1+p)—u, Q= 3
—u
From the theory of plates is known that
o’® RO o’®
Sllz_yz’ gzzz_WL 812:_8X6y Z, &;=8;=0. (12)

The relatively small transverse deformation e,,, that enters through the
e, vy, only into members of equations (4) and (11) that are proportional to a

small parameter €, should be taken up to ¢, 1.e. can be taken, as in the linear the-
ory,

i u (0’0 o’
833=—1_“(811+822)=—l_“(axz +8X2 Z. (13)
Then
e=Q(ey +£5), (14)
2 |2 s 2 1,
yu:% 3 M1(811+822)+“2811822+§812 , (15)
or with considering (12) 1 (13)
2 2
N (16)
OX~  OX
2. \? 2 \? 2 2 2 \?
Yy = §H1 (5 ?j + 8(;3 +u28—(§-a—2+3 oo Z. (17)
9 OX oy ox~ oy OXoy

Where the constants p, and p, are determined by Poisson coefficient p,
which is appropriate to linear case (the endangered small deformation):
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UZ >+1 W, :%_1
(1-p?) (1-p?)
By replacing in the formulas (4) and (11) moving through the strain in ac-
cording to dependencies (12), (16) and (17) and setting the necessary moments

by using the obtained ratios.

W =

h h h
2 2 2
M, = .[csllzdz, M, = fczzzdz, M,, = jcslzzdz.
h h h
2 2 2
We obtain

o 0
MX:—D(a—X(f+u—(f +eD[L(x,y) + N, (x, )], (18)

M, :—D(—az? +u—az‘f +eD[L(x,y)+ N,(xy)],
oy OX
(18)

0’
Mxy :_D(l—M) 8Xay +8D(1_“) ) N3(X, y)
Here is
N J" [ P’ o)
L(x,y)=(+ b +B 1™ ) —- Q™| —+u— | ;
() =2 (b, +1"™)-5-Q (5X2 uaxzj
O’w O°w
Nl(X’y):N(X!y)'EH%W—i_HSW i
O’ 0’
Nz(xiy):N(X’y)'(PmW"'Hsy ;
N, (x,Y) = N (X, y) 22
3 ' ' a)(@y’
3" (8): o) %)
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h —is the plate thickness;
N —is an even integer.

Forodd n, J, :”<F)Zn+2dF =0, if only nonlinear terms in (4) and (11)

with odd indices are not adopted to describe the a skew- symmetric deformation
diagrams and, as a result, [e™|, |y| are not taken in magnitude. In the latter
case J,, # 0 forodd n.

After substitution (18) into (1), we obtain the equation of physically non-
linear oscillations of the constant thickness plate, which is by using the harmon-
iC operator

2 2
A:8_2+6_2
ox~ oy
IS written as:
2 2 2 2
Mo+ NGO _P L ON ON, o u) o, (19)
gD ot D OX oy? OXoy

Equation of physically nonlinear flexural vibrations of the rod can be ob-
tained if instead of a linear ratio
82
M=EJ—
Ox?

the equality which is coming out from the linear relationship between stress and
deformation [2] will be accepted

0*® . 0*® n+1_
M =EJ- =5 —¢E Z(a +a,1")-J, (WJ : (20)

Where w(x) is the deflection of the rod: J:”(F)zzdF
_ n+2 1
Jn_”(F)z dF, ¢—isasmall parameter.

We’ll come to the equation of the rod bending vibrations with nonlinearity
by substituting the obtained expression (20) to the equation of oscillations of the
rod [1]

—[E Coy Yypdo_ P+ eza—z[EJ (a,+a,l n+l)(az—‘”)'”l]
ox? 8x2 2 —ox?- "Vt ox?

A distributed external load p is small as compared to the forces of elastici-
ty and inertia forces in forced resonant vibrations. Therefore, before it is possi-

ble to put a small parameter ¢ in equations (21) and (19). Then for solving these
nonlinear equations asymptotic methods N. M. Krylov — N. N. Bogolyubov can

(21)
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be applied [2]. If the distributed load p is not small, that it is possible, for exam-
ple, in the non-resonant forced oscillations, that, by the relevant change of vari-
ables [2] the equation is need to be converted to the form when the asymptotic
methods are applied.

It should be emphasized that the problem of forced vibrations cannot be
solved if the spectrum of natural frequencies and forms of vibrations is not de-
termined. For the determination of natural frequencies and forms of the plate
and rod structures vibrations is proposed to use an approach which is based on
the variational - grid method of forming the finite-dimensional Rayleigh’s type
functional, and its minimization by a method coordinate-wise descent, which is
one of the methods of nonlinear programming [3]. For building of the necessary
functionals are invited to apply the increase stiffnesses method [3]. Then, the de-
termination of natural frequencies and forms of the mechanical system vibra-
tions comes down to minimization problem:

(Ku,u)+c|§:(Mzk,u)
(Mu.u)

Where (Ku,u) and (Mu,u) are the quadratic forms, that are correspond-

ing to the potential and kinetic energy of the system; K and M are the stiffness
and mass matrices, respectively, U is the vector of displacement, Z is the de-
sired form of vibrations. From the Rayleigh ratio type (2.4.15) follows that in
the calculation process there is no need to build projectors that are correspond-
ing to found eigenvector, but enough to keep in computer memory only its own
vector, and greatly simplifies its denominator. This allows to find the spectrum
of frequencies and forms with less computational costs in comparison with the
traditional approach. After the determination of natural frequencies and forms of
vibrations the problem of forced vibrations of structures can be found by ex-
panding their own forms of vibrations.

(22)

2 _ -
o, =inf__,

Conclusions

In this work the nonlinear vibrations of elastic rods and plates with taking
into account the hysteresis friction were examined. The problem was solved by a
method of decomposition on the small parameter. For the determination of me-
chanical systems natural frequencies and forms of vibrations was used the varia-
tion- grid method of forming the Rayleigh’s type functionals and their minimi-
zation by coordinate-wise descent method. This approach will allow to solve the
problem of nonlinear oscillations of elastic plates and rods, as the elements that
are used in the aircraft industry.
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