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 У роботі представлено методику розрахунку композитних шаруватих 

оболонок з жoрстким заповнювачем, яка заснована на вариаційно-сітковому 

підході формування необхідних функціоналів із їх подальшою мінімізацією 

методом покоординатного спуску. Побудовані алгоритми чисельного розра-

хунку відрізняються стійкістю і економічністю із точки зору обчислюваль-

них ресурсів. На прикладі чисельного експерименту було досліджено збіж-

ність рішень. 

 В работе представлена  методика расчета композитных слоистых оболо-

чек с жестким заполнителем,  основанная  на вариационно-сеточном подходе 

формирования необходимых функционалов с их последующей минимизаци-

ей методом покоординатного спуска. Построенные алгоритмы численного 

расчета отличаются устойчивостью и экономичностью с точки зрения вычи-

слительных ресурсов. На примере численного эксперимента была исследова-

на сходимость решений. 

Formulation of the problem 

Laminated shells, that are made of high-strength composite materials with 

different layers laying, have found wide application in aircraft engineering as 
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elements of bearing surfaces of aircrafts, as well as in many other industries. 

Thus, the improvement of calculating methods for heterogeneous layered 

structures is very actual task. The numerical methods of investigation are allow 

to predict the possible destruction of the structure and have the same actuality as 

the methods of nondestructive testing, flaw detection of structures with the help 

of hardware methods. 

The designations are taken from the classical theory of shells [1]. 

The point’s displacements of the shell supporting layers can be 

represented in the following form  
( ) ( ) ( ) ( )

1 2 0 1 2 1 1 2( , , ) ( , ) ( , ) ,n n n nu z u z        
( ) ( ) ( ) ( )

1 2 0 1 2 2 1 2( , , ) ( , ) ( , ) ,n n n nv z v z        
( ) ( )

1 2 0 1 2( , , ) ( , ),     1, 2n nw z w n      , 

 

(1) 

where ( )

1

n  and ( )

2 , 1,2n n   – are the normal’s angles of rotation in the carrier 

layers, respectively in the planes 
1 2const, const    : 
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(2) 

( ) ( ) ( )

0 0 0, , , 1, 2n n nu v w n   – are the points displacement component of the carrier 

layers middle surface in direction of the coordinate axes in adopted coordinate 

system. 

Solution method 

We take the nonlinear distribution of displacements for the filler. 

3
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i

m
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(3) 

We can represent the stresses in the carrier layers in the form [1] 
( ) ( ) ( ){ } [ ]{ },      1, 2,n n nG n     (4) 

where ( ) ( ) ( ) ( )

1 2 12{ } { , , }n n n n      – are the components of the stress tensor;   
( ) ( ) ( ) ( )

1 2 12{ } { , , }n n n n      – are the components of the deformations tensor. 
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is the matrix of elastic coefficients. For an isotropic material of carrier layers we 

have 

( ) ( ) ( ) ( ) ( ) ( ) ( )

11 22 12 13 23 33( ) 2

2

; ; 0 ; .
1 1

n n n n n n nn n n

n

n

E E v
g g g g g g G

v v
     

 
 (5) 

For a filler as a vector component (3){ } and (3){ } we have 

(3) (3) (3) (3)

13 23 3{ } { , , }     ,     (3) (3) (3) (3)

13 23 3{ } { , , }.      (6) 

According to Hooke’s law we have: 
(3) (3) (3){ } [ ]{ }.G    (7) 

In the case of coincidence of the orthotropic axes with coordinate lines, 

the matrix (3)[ ]G  has a diagonal structure. 

(3) (3) (3) (3)

55 44 33[ ] [ , , ]G g g g , (8) 

where for a material of uniform thickness we have 
(3) (3) (3) (3) (3) (3)

55 13 44 23 33;       ;      .zg G g G g E    (9) 

The potential energy of deformation of a three-layer plate is equal to the 

sum of the potential deformation energies of the carrier layers and filler: 
3

( ) ( )

( )
1

1 1
( , ) { } { } .

2 2

і T i

i
V i

i

u a є dV


      (10) 

Here is 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ } { , , }; { } { , , }, 1,2n n n n n n n n

x y xy x y xyє є є n         

(3) (3) (3) (3) (3) (3) (3) (3){ } { , , }; { } { , , }.xx yx z xz yz zє є         
 

To approximate the deflection of the n-th thin carrier layer within each 

subdomain, we use the function [2] 

( ) ( ) ( ) ( ) ( ) 2 ( ) 2

0 1 1 2 2 3 3 1 1 2 2 1 3

( ) 2 ( ) 2 ( ) 2 ( ) 2 ( )

3 2 1 4 2 3 5 3 1 6 3 2 7 1 2 32 ,

h n n n n n

h

n n n n n

w w L w L w L a L L a L L

a L L a L L a L L a L L a L L L

     

    
 (11) 

where  
( ) ( ) ( ) ( ) ( )

1 1 2 3 1 3 1 ;n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

2 1 3 2 1 2 1 ;n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

3 2 1 3 2 3 2 ;n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

4 21 3 1 2 1 2 ;n n n n na w w b c       
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( ) ( ) ( ) ( ) ( )
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( ) ( ) ( ) ( ) ( )
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
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Herein Li, i = 1, 2, 3 – L are the coordinates that were defined by rela-

tions [3, 4]: 

1
( ) ,

2
i i i iL a b x c y  


 (13) 

where  

1 2 3 2 3a x y y x  ;     
1 2 3b y y  ;     

1 3 2 .c x x   (14) 

Moving medial surfaces of carrier layers and fillers are represented as lin-

ear polynomials 
( ) ( ) ( ) ( )

0 1 1 2 2 2 2

n n n n

hu u L u L u L   ; (15) 

( ) ( ) ( ) ( )

0 1 1 2 2 2 2 ;n n n n

hv v L v L v L   . (3)

1 1 2 2 3 3hw w L w L w L   . (16) 

Then the total potential energy of each triangle can be written in the local 

coordinate system in the form of: 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1

ˆˆ ˆ ˆˆ ˆ ˆ ˆ( ) n n n n n n n n n n n

h h xi i yi i zi i i i i i

n n i

v U F u F v F w F F 

  

           (17) 

1
( ) ( ) ( , ) ( , ); ,

2
hv v Kv v f v v f R     ,

 

(18) 

where is a positive definite symmetric N- ordered matrix K is a vector of a node 

external load with N dimension. Then the problem of determining the stress-

strain state of structures can be represented in the form of minimizing the quad-

ratic functional 

; ( ) inf ( ) .
N

n

v R
u R u v


   

 
(19)

 
The minimization of the functional is carried out by the method of coordi-

nate wise descent [5], where the approximation vector is sought in the form 

1 ,      1, ... , ,k k k i

i ie i N       
(20) 

where 
ie  is a single vector in directional 1,k k

i i

   – is a step. 

It should be noted that the method of coordinate-wise descent is differs 

greatly in the numerical calculation. 

A pliable-displacement plate was considered as a test case, Mindlin-

Reisner’s non-classical theory of plates was applied for its calculation [6]. 
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. (21) 

After scheduling the load q(x1, x2) into a double row we have:  

   1 2

1 1

sin sin .mn m n

m n

q q x x
 

 

    (22) 

Where 

     
1 2

0
1 2 1 2 2

1 2 0 0

4 16
, sin sin ,m n mn

q
q q x x x x q

mn
    

   

, 1, 3, 5, ... .m n   

(23) 

The equality of deflections will be obtained after integration:  

 
     2 2

1 22 2
1 1

1
1 sin sin .mn

m n m n

m n sm n

q K
w x x

K Gh

 

 

 
         

  (24) 

Taking into account that  and , we have 

. 

The Reissner’s theory equations were applied when we calculating the 

composite with Navier boundary conditions. It is assumed that the plate is ho-

mogeneous and completely consists of a polymer: Е=Ев=Ен=Ес=7,9 MPa, 

ν=νс=νв=νн=0,41, ρ=ρc=ρв=ρн=960∙10
-9 

kg/m
3
; the thickness of the plate 

h=hc=hв=hн=7,4mm, plane dimensions l1=1620 mm, l2=810 mm; distributed 

load
 
 q0=p=0,25∙10

-9 
N/mm

2
 [6]. 

In order to confirm the correctness of the results, a numerical calculation 

was made by using the approximations (3) and (11) together with the analytical 

solution. Tab. 1 shows the convergence of results, and in Tab. 2 the correspond-

ing results of the analytical and numerical solution are compared, and the calcu-

lation error was determined. 

Table 1.  

Parameters of finite element breakdown for numerical calculation  

of limiting cases 

 Number FЕ w [mm] 

grid 1 123 3,261 

grid 2 234 3,302 

grid 3 728 3,411 

grid 4 3556 3,464 

grid 5 7832 3,495 

grid 6 21422 3,501 

  0sGh w q   

3

212(1 )

Eh
K




 2(1 )

E
G





2

5(1 )s

K h

Gh 



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Table 2.  

Results of calculations in the limiting cases under the static load of the plate 

 
Numerical solution  

wnum [mm] 

Reisner-Mindlin  

wan [mm] 

 3,501 3,5722 

δ [%] 2,04 

Tab. 2 shows that the error between the analytical and numerical solution 

is less than 5%. This suggests the effectiveness of the proposed approach. 

Conclusions 

An effective method for calculating of layered shell structures with filler 

was proposed in this paper. Nonlinear functions for displacements were used for 

the filler in contrast to the direct normal hypothesis. The method is based on the 

variational-grid approach for the formation of functionals, with its subsequent 

minimization by method of coordinate-descent. This approach allows to avoid 

the known difficulties associated with the formation, storage and operation with 

global stiffness matrices. 
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