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STRESS-DEFORMED STATE OF COMPOSITE SHELLS WITH

Ua

Ru

FILLER

Y poOoTi NpeacTaBIeHO METOIUKY PpO3PaxyHKY KOMIIO3UTHUX MLIapyBaTHX
00OJIOHOK 3 JKOPCTKUM 3aIlOBHIOBAaYEM, sIKa 3aCHOBaHA HA BapHAIlIfHO-CITKOBOMY
niaxoi GopMyBaHHS HEOOXITHUX (YHKLIOHATIB 13 IX MOJANBIIOI MIHIMI3aIIE0
METOZOM TOKOOPAMHATHOTO CITycKy. [ToOymoBaHi aqropuTMu 4MCEIHHOTO po3pa-
XYHKY BIAPI3HAIOTBCS CTIMKICTIO 1 €KOHOMIUHICTIO 13 TOYKH 30py OOUMCIIOBAJIb-
HUX pecypciB. Ha mpuxmani 4McenbHOr0 €KCIIEPUMEHTY OyIJIO TOCHIIKEHO 301K-
HICTb pIIIEHb.

B pabore npexncraBieHa MeTOJMKA pacdyeTa KOMIIO3UTHBIX CIOUCTBHIX 000J10-
YEK C JKECTKUM 3aroJHUTENEM, OCHOBAHHAs HAa BAPUALIMOHHO-CETOYHOM MOAXOE
(hopmMupoBaHHs HEOOXOIUMBIX (PYHKITMOHAJIOB C UX MOCIEAYIONMEeH MUHUMH3AIIH-
€l METOJOM IMOKOOPAMHATHOIrO cnycka. I[locTpoeHHbIe anropuTMbl YHCIEHHOIO
pacuera OTJIMYAIOTCS YCTOMUMBOCTHIO U SKOHOMUYHOCTBIO C TOUKH 3PEHUS BBIUU-
CIIUTENBHBIX pecypcoB. Ha mpumepe 4MCIIeHHOTO SKCIIepUMEHTa Obllla NCCIIeI0Ba-
Ha CXOJIMMOCTb PEIICHUM.

Formulation of the problem

Laminated shells, that are made of high-strength composite materials with

different layers laying, have found wide application in aircraft engineering as
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elements of bearing surfaces of aircrafts, as well as in many other industries.
Thus, the improvement of calculating methods for heterogeneous layered
structures is very actual task. The numerical methods of investigation are allow
to predict the possible destruction of the structure and have the same actuality as
the methods of nondestructive testing, flaw detection of structures with the help
of hardware methods.

The designations are taken from the classical theory of shells [1].

The point’s displacements of the shell supporting layers can be
represented in the following form

u(n)(av a,,z) = u(()n) (oy,0,) + Z(n)ein) (ay,0,),
v (04, 05,2) :V(()n) (oy,0,) + Z(n)e(zn) (0, 0;), ()
w® (o, a,,2) =W (o, a,), n=1,2,
where 6" and 0{”,n=1,2 — are the normal’s angles of rotation in the carrier
layers, respectively in the planes a, =const, a., =const :

(n) (n)
ein)(aliaz):_iawo + o ;
A Oo, R, 2)
(n) (n)
e(zn)(aliaz):_iawo +V0_
A, do, R,

ul”, vV, wi", n=1,2 — are the points displacement component of the carrier
layers middle surface in direction of the coordinate axes in adopted coordinate
system.

Solution method

We take the nonlinear distribution of displacements for the filler.

3
u™ (o, 0y, 2) =USV (0, 00,) + D U, (0, 0,) 2" ;

m=1

3
v (ay,0,,2) =Vé”)(0€1,0tz)+ZVi (o, 0,)2"; 3)

m=1

3
W (a0, 2) = WP (0, 0,) + D W01y, @0,)2"
m=1
We can represent the stresses in the carrier layers in the form [1]
{c"3=[G" ™}, n=12 (4)

where {c"}={c{",c", 1} — are the components of the stress tensor;
{eM3={e",&l” v} — are the components of the deformations tensor.
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O3

Is the matrix of elastic coefficients. For an isotropic material of carrier layers we
have

E E.v
n _ M) _ . (n) _ . M _qM_n- n _ =M
Ou =92 =7 9 =73 O =0x =0; g3 =G"". (5)
1-v, 1-v;

For a filler as a vector component {c®®}and {¢®}we have

) T G ) ©
According to Hooke’s law we have:
{c9}=[G"He"}. (7)

In the case of coincidence of the orthotropic axes with coordinate lines,
the matrix [G®] has a diagonal structure.

[G¥1=[9%.9%.9%1, (8)
where for a material of uniform thickness we have
9% =GY; 9% =G 9 =EP. 9)

The potential energy of deformation of a three-layer plate is equal to the
sum of the potential deformation energies of the carrier layers and filler:

_1 _1 X (T 50

u=3a000) =33, LY 2. (10)
Here is
0" ={o? 0" 0k L= ek n=12
o=t ok {e}=0rd ) et

To approximate the deflection of the n-th thin carrier layer within each
subdomain, we use the function [2]

Wiy =L, WL, WL e AL +
+a" L +a" L +a” L, +a" L, + 2L L,L,
where

(11)

(n) _ \p/(N) (n) (n) (n) .
" =w =W, —be” —Ccoyy
(n) _ \p/(N (n) (n) (n) .
" =W =W + b, —cuy
(n) _ 5, (M (n) (n) n) .
a;” =W, =W +be," +Cyy”

(n) _ \p /(N (n) (n) (n) .
a,” =Wy —W;"” —bey” —cwy”
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(n) _ \p/ (M (n) (n) (n) .
ag” =W =W —b,p5" —Cy3” ;

n) _ p (M (n) (n) (n) .
ag =W —W,"” +bey” +coyy”

m_15m

n n

al" ==>"al".
4 S

Herein L;, i = 1, 2,3 — L are the coordinates that were defined by rela-
tions [3, 4]:
1
L=—(a +hx+cy), 13
=3 A( ; +hX+Cy) (13)
where
A =X, Y3 = Yo X3,4 b1:y2_y3; C =X —X;. (14)

Moving medial surfaces of carrier layers and fillers are represented as lin-
ear polynomials

Ug =" Ly + UL, + ULy (15)

VD =vOL, VL, L, W = wil +wL, il (16)

Then the total potential energy of each triangle can be written in the local
coordinate system in the form of:

3 2 3
AT — T (n)y7(n) (n)y3(n) (NMya,(n) (n) A (n) (n e (n)
5(%) = Zuh - ZZ(in Ui + Fove + BPWeY + FRR e 4+ F Ty ) (17)
n=1

5() = (V):%(Kv,v)—(”y);v, feR. (18)

where is a positive definite symmetric N- ordered matrix K is a vector of a node
external load with N dimension. Then the problem of determining the stress-
strain state of structures can be represented in the form of minimizing the quad-
ratic functional

UeR"; 3(U):jnR1L 3 (V). (19)
The minimization of the functional is carried out by the method of coordi-
nate wise descent [5], where the approximation vector is sought in the form
O =0+, i=1..,N, (20)

where ¢, is a single vector in directional v, A" —is a step.

It should be noted that the method of coordinate-wise descent is differs
greatly in the numerical calculation.

A pliable-displacement plate was considered as a test case, Mindlin-
Reisner’s non-classical theory of plates was applied for its calculation [6].
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Gh, (Aw+®)+q=0. (21)

After scheduling the load q(xy, X,) into a double row we have:

o 00

q zzzqmn Sin(amxl)Sin(BnXZ)' (22)
m=1 n=1
Where
4 3% . . 160,
q - ﬁlfz .('J._([q(xi’ XZ)SIn(amxl)Sln(BnXZ) - qmn - ann ! (23)
m,n=13,5,....
The equality of deflections will be obtained after integration:
1 &8 q K/ 5 o\ :
- mn 1 .
W= ;;(aﬁq +Bﬁ)[ + Gh (o2 +Bn)}5|n(ocmxl)sm(ﬁnx2) (24)
Taking into account that K= Eh’ and G= E , we have
12(1-v?) 21+ v)
K __h
Gh, ~ 501-v)

The Reissner’s theory equations were applied when we calculating the
composite with Navier boundary conditions. It is assumed that the plate is ho-
mogeneous and completely consists of a polymer. E=E,=E,=E.=7,9 MPa,
v=v,=v,=v,=0,41, p=p.=ps=p,=960-10°kg/m® the thickness of the plate
h=h.=h,=h,=7,4mm, plane dimensions 1;=1620 mm, [,=810 mm; distributed
load go=p=0,25-10" N/mm? [6].

In order to confirm the correctness of the results, a numerical calculation
was made by using the approximations (3) and (11) together with the analytical
solution. Tab. 1 shows the convergence of results, and in Tab. 2 the correspond-
ing results of the analytical and numerical solution are compared, and the calcu-
lation error was determined.

Table 1.

Parameters of finite element breakdown for numerical calculation
of limiting cases

Number FE w [mm]
grid1 123 3,261
grid 2 234 3,302
grid 3 728 3,411
grid 4 3556 3,464
grid 5 7832 3,495

grid 6 21422 3,501



92
IndopmManiiiHi cHucTeMH, MeXaHIKa Ta KePYBaHHA

Table 2.
Results of calculations in the limiting cases under the static load of the plate

Numerical solution Reisner-Mindlin
Woum [Mm] W,n [Mm]
3,501 3,56722
o [%] 2,04

Tab. 2 shows that the error between the analytical and numerical solution
iIs less than 5%. This suggests the effectiveness of the proposed approach.

Conclusions

An effective method for calculating of layered shell structures with filler
was proposed in this paper. Nonlinear functions for displacements were used for
the filler in contrast to the direct normal hypothesis. The method is based on the
variational-grid approach for the formation of functionals, with its subsequent
minimization by method of coordinate-descent. This approach allows to avoid
the known difficulties associated with the formation, storage and operation with
global stiffness matrices.
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