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ON THE THEORY OF RAYLEIGH WAVES CAUSED BY A
COLLISION

Ua B po0oTi po3misiiacThes 3a7eKHICTh XapaKTePUCTHUK XBUIIb Peresi, BUKITMKaHUX
YAapOM, BiJl BIACTHBOCTEH MOBEPXOHD TLT CHIBYIAPSIOTHCS.

OCHOBHI XapakTepUCTUKHU TMPOIECY yAapy, - TPUBATICTb ynapy, MICIEBE CTHUC-
HEHH$1, HalpYKeHHs B 00JIaCTi KOHTAKTY, - PO3IIAIAI0ThCA K (QYHKIIIT MapameTpis,
10 XapaKTepU3yIloTh YaCTOTH, aMILTITyAU, TOBKHUHU XBWIb Pernes, Ta BUAKICTH iX
3racaHHsl.

B nomnepennix po6otax aBTOpIiB OyJI0 pO3IISIHYTO BUITAJIOK CITIByIApy Til, He-
nedhopMoOBaHi MOBEPXHI AKUX MAIOTh BEJIMKY KpUBHUHY. B maniif poOOTI 10CTimKYy-
€ThCSl BHUMAJOK CITIByJapy TUI i3 Major KPUBHHOK iX Hene(OpMOBaHHMX IOBEP-
XOHb.

[TopiBHSHHS pe3yabTaTiB, OTPUMAHUX aBTOPaMH y JIaHiid poOOTi, 3 pe3yibTaTa-
MU OTPUMAHHMH paHillle JO3BOJIWIO 3pOOUTH BHCHOBOK : CIIEKTP YacTOT XBUJIb
Pernest He 3aNeXUTh BiJ] TEOMETPUYHKIX BIACTUBOCTEH MOBEPXOHB Till, IO CITIBY/a-
psitoTbes. BoueBub, CyTTEBUI BIUIMB KPUBHHA TIOBEPXOHB TUT MOKE MaTH Ha aMIl-
JITYTy XBWJIb Ta IMIBUAKICTh 1X 3racaHHs 3 TIIMOMHOIO.

Ru B pabote paccmarpuBaeTcsi 3aBUCUMOCTh XapaKTEPUCTUK BOJIH Penes, BbI3BaH-
HBIX YIapOM, OT CBOMCTB ITOBEPXHOCTEN COYIapsIOIIUXCS Te.
OcCHOBHBIE XapaKTEPUCTHKHU Ipoliecca yhaapa, - MpoA0JDKUTENbHOCTh yAapa,
MECTHOE€ CKaTue, HalpsDKeHUs B 00JAacTH KOHTAaKTa, - paccMarpUBarOTCS Kak
(GYHKIMM [apaMeTpoB, XapaKTepU3YIOLIUX YacTOThI, aMILIMTYIbl, JUIMHBI BOJH
Pernest u ObICTPOTY UX 3aTyXaHMSL.
B mpenpiaymux pabotax aBTOPOB ObLI MCCIEAOBaH CilIydall cOyTapeHUus Ted,
Hene(hOpMUPOBAHHbIE TOBEPXHOCTH KOTOPBIX 00NalatoT OONbIION KpUBU3HOW. B
JaHHOH paboTe paccMOTpeH ciaydail coynapeHust Tell ¢ MaJlo KpUBU3HOM MX He-
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nehOpMUPOBAHHBIX TIOBEPXHOCTEH.

CpaBHEHHE pe3y/IbTaTOB, MOJIYUYEHHBIX aBTOPaMH B TAHHOH paboTe, ¢ pe3yibTa-
TaMH, NOJYYCHHBIMU PpaHCC, MO3BOJIUJIO CACIATH BBIBOJ: CIICKTP YaCTOT BOJIH
Penest He 3aBUCUT OT CBONCTB MOBEPXHOCTEM coymapsitomuxcs ten. OueBHIHO,
CYHICCTBCHHO BJIMACT KPUBHU3HA HOBerHOCTCﬁ TCJI HAa aMIUIUTYAbI BOJH U OBICT-
POTY UX 3aTyXaHus ¢ NIYOUHOI.

Introduction

About a hundred years ago, H. Hertz put forward the theory of contact
static interaction of elastic bodies and the theory of collisions of such bodies as a
secondary result of his research on electrodynamics. Both of these theories have
been the subject of numerous studies to date.

In this paper, it is the theory of collisions of elastic bodies that is consid-
ered.

H. Hertz theory was diametrically opposed to the Saint-Venant theory of
elastic body impacts. While Saint-Venant considered the dynamic state of col-
liding bodies as a whole, H. Hertz proposed to consider the deformation field in
the small region adjacent to the surface of contact dynamic compression. Out-
side this area, H. Hertz proposed to neglect deformations, i. e. to consider these
body parts as absolutely solid.

H. Hertz assumed that the impact of elastic bodies leads to the appearance
of various oscillatory movements of their elements. These unsteady oscillatory
movements, spreading in the body, over time can take the form of stationary os-
cillations, which, in particular, belong to the surface Relay waves, Love waves
and other types.

The analysis of dynamic contact interaction of elastic bodies in the pres-
ence of the influence of surface waves confirms the assumption made by H.
Hertz that surface waves arising from the impact of elastic bodies significantly
affect the impact process and the phenomena accompanying it [1].

The papers [1 — 3] present the results of the study of the appearance of Re-
lay waves in the collision of elastic bodies and consider the main characteristics
of this dynamic process.

In papers [5 — 7] the main characteristics of the impact process — the re-
covery factor, local compression, duration of the impact, stress in the body in the
contact area, etc. — were determined depending on the main parameters charac-
terizing the surface waves that occurred during the impact. Such parameters are
amplitudes of expansion and shift waves, frequency of these waves, and their at-
tenuation with depth.

The force of dynamic interaction P and local compression o were defined
as a function of two parameters: frequency ® and the parameter &, which deter-
mines the dependence of the characteristics of the Relay waves on the geometric
properties of the colliding surfaces. The solution to the problem was given in [3]
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for the case & <1, which corresponds to the collision of bodies whose non-
deformed surfaces have high curvature.

Problem Statement

The purpose of this paper is to investigate the impact of bodies whose un-
deformed surfaces have low curvature, i. €. € > 1.

A direct central impact of two rotation bodies is considered. The initial
contact of bodies is carried out at one point. At this point of contact of the bod-
les, before the start of the collision process, the beginning of the cylindrical co-
ordinate system is selected. The axes OZ; and OZ; are drawn in the directions of
the internal normals to the surfaces of undeformed bodies at the point of their
contact.

Analytical formulae of displacements that determine the motion of ele-
ments of an elastic body during the propagation of surface waves have the fol-
lowing form [2]:

U, = —(Mae"™ + Nne*z)coswtl, (er),
U, =—(Mé&e™ + Neee ™ )cosotl,, (e ) (1)

where M, N, o, &, & n — mean amplitude and frequency characteristics of a dy-
namic process.

The conditions of the absence of additional strains on the surfaces of bod-
ies outside the contact point and inside it result in the relations between the un-
known parameters in (1):

2M&é + N(n° + &%) =0;

ME? - Aae” + 2uenN =0;
2 2 ()

where C;and C, are the propagation velocity of expansion waves and distortion
waves in an elastic body.
The basic equations of the dynamic contact problem have the following
form [1]:
2nl
ij r t rdrd(p——_m1m2 o'
00 ml + m2

3
2eh (r,t)rdrde )

(v, +v, II\/r ==a—A(l+ ecosot ) r’

20+/I° —2rr'cosp+r'
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where p(r,t) is the contact pressure; mym, are masses of colliding bodies;
2

: : : & :
v,; L, are elastic constants; o is local compression;e=—(ME&+ Ne&)is the
4A

main parameter determining the presence of surface waves.

Problem solution

Papers [1, 3] contain a solution to this problem for the case ¢<1, which
corresponds to the collision of bodies whose undeformed surfaces have a sub-
stantial curvature.

The aim of this paper is to study the case when ¢, .

Let’s decompose the original function P* [3] by degrees of the parameter
d =1/¢d6 = 1/e and make the necessary transformations. We get the force of
dynamic interaction of P(t) in the form of decomposition by degrees o:

2 4 7 6 1
P(t)=—[ % R FA S SO S S S . _2'” I
Jrlk 13 "2%1357 24° 13511

4 2 4 7
_Sg nl';O t_+0)2t_+...j_6 |:1(2_t2+§ 2 2 t2+...j_

41 6! 2\1-3 2 1.3-5-7

3
[ 4 6 (= 5 (49 1
82 ETE—UO t_+20)2t_+... _5 TV t__|_20)2t_+... 4+ (4)
3 9
2 e e IR CTRRE T

2-4(1-3 2 1.3.5-7

321 v, 2 5,502 ...
28 mk*(1.3.5-13 2 1.3-.17

3
83 3 VTEUO( +3m 2t6 j 5@(1:94_ tll 2+...j S

2 S 61"

S{E[Z_th 5. 2 tJ

To find the parameters 6 and ®, we use the function that determines the
enforcement of the system [4]. In this case

4
2 3 7 3
Z =(8+cosot)s ft2(1—§j+im2t2(1+§5] . ®)
3 2) 105 2
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As previously [1], we require that at each point of the interval T (e, ),

equal to the duration of the impact, the function is least deviating from zero [4].
The duration of the strike in this case is equal to

1+é6
T=T—F,
&5
where Tp is impact duration without taking into account the influence of surface
waves [1].
Performing a coordinate transformation so that
4o
t=— 2
&5

we will bring this problem to the problem of Chebyshev [4]. According to the
Chebyshev theorem, we obtain the equations:

3(. 7 2 y* 3 zj. 4 1y,
Slerli 2 V13 b2 lsing - 2 w(2—38)1+ = Ysing)=0:
5( 6 15 5 T35 SNV g5 ¥(2-30)Lr g Tsiny)
4 5 2 . 1 ©)
4 w2(2 - 38)sin —(1——+— 2_ 15 jsin 0.
35\v( )siny STV oV siny

T\ 1
Here v = co(r + EOJSS :

As a result of studying and solving the system (6) and the boundary condi-
tions for the function Z, we determine the spectrum of 6 and ®. We find that the

frequency spectrum of Rayleigh waves is the same as for the case <1,
2 3

1
The lowest frequency is: o, = 2,803/m5k5 :

Summary

A comparison of these results with those obtained previously [3] allows us
to conclude that upon the collision of bodies whose surfaces have small curva-
ture, i. e. <1, the frequency spectrum is the same as for the case ¢<1. The
curvature of the surfaces of bodies significantly affects the amplitudes of Ray-
leigh waves and their attenuation rate with depth. This issue needs further re-
search.
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